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problem. The ideas are first illustrated in Liouville theory, which is dual to itself under
the interchange of the Liouville parameter b by 1/b. In both cases, a classical scattering
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1. Introduction

In an unpublished work [I], Fateev, Zamolodchikov and Zamolodchikov discovered that the
SL(2,R)/ U(1) WZW model describing the two-dimensional conformal field theory whose
target space is the cigar, or Euclidean 2D black hole [ -]

ds?

- = dr? + tanh® rd6?, r>0, 0~ 0+2r (1.1)

where k is the level of SL(2, R), has a dual description in terms of a sine-Liouville theory.
This is a free theory with linear dilaton perturbed by a sine-Liouville potential which carries
a unit of winding,

L= (0¢)+ (0X)* + ,ucos(\/z)?)e_\/mZb +REV2¢, (1.2)

where k' =k — 2 and X = X, — Xpg.

This so-called FZZ duality, has been investigated and exploited in several works [f—
[[J]. It has been generalized to the N = 2 supersymmetric case [[[J], where it follows
from mirror symmetry [[4] (see also [[§]). For worldsheets with boundary there exists a
boundary version of the FZZ duality, both when the bulk theory has the cigar/sine-Liouville
perturbations (or their N = 2 counterparts) turned on [[§] or when the bulk theory is flat.
In the latter case, the D1 brane of the cigar [I7] becomes the hairpin brane [Ig], which has
a sine-Liouville dual description studied in [I9, Rq].

In this paper we explore the FZZ duality by studying the exact operator quantization
of a classical scattering problem. The same ideas and techniques are relevant for the simpler



case of Liouville theory, which we discuss first as a warm up. In both cases we show that
the scattering coefficient of a free field bouncing off the Liouville wall or the tip of the
cigar cannot be determined without further input, which comes from assuming that there
is a second scattering process with the same scattering coefficient. In the case of Liouville,
discussed in section 2, the second theory is Liouville itself with the Liouville coefficient
b replaced by b~!. In the case of the cigar, discussed in section 3, we find a field which
represents a scattering process of sine-Liouville type and which yields the correct reflection
coefficient, computed previously using other techniques. We also comment on the relation
between the results of this work and the techniques considered in [J], which are based on

exploiting the parafermionic symmetry of the model.

2. Duality in Liouville scattering

It is well known that the Liouville classical equation can be solved in terms of a free field.
Therefore it is natural to try to quantize Liouville theory by quantizing the mapping to this
free field via operator quantization. This program has been carried out successfully in [R1]
were the DOZZ formula [R3, for the Liouville three point function was reobtained (see
also [24)).

In this section we will use similar techniques to compute the reflection coefficient of an
asymptotically free field bouncing off the Liouville wall. The relevant ideas were succinctly
exposed in [RH (see section 14 there), and we will flesh them out here, stressing the role of
the b < 1/b duality.

2.1 Classical scattering

We work first in the cylinder (o,t) ~ (o + 2m,t). The Liouville equation of motion

0, 0_p(o,t) = 2mpcbel? ) | (2.1)

where ¥ = t+0, can be solved in terms of two arbitrary functions B = B(z*), B = B(z ™),

be 1— BB

€2 = \/Tlh —mnu=. 2.2
Ve 5555 (2:2)

It is convenient to express B, B through a free field ¢(o,t) = ¢(z1) + ¢(x7) as
0+B = JThcbe??@ ") | (2.3)
O_B = \/mucbe?®@ ) . (2.4)

The fields ¢, ¢ have an expansion,

p(zT) = g + gaﬁ + oscilators (2.5)
Pp(z™) = g + gx* + oscilators (2.6)



Requiring B to have the same monodromy as 0, B(z "), 9, B(z* +27) = ™9, B(z*), and
similarly for B, fixes the solutions to (R.3)-(R.4) as
/—cb 21 ,
B(z") = L/ do’ @) (2.7)

(emb —1) Jo

— \/ cb 2 —
B(z7) = 7T7M/ do"eb?@+o") (2.8)

(e —1) Jo

The solution (R-9) is invariant under B,B — 1/B,1/B. This transformation corresponds to
mapping the free field ¢(o, t) into another free field £(o,t) = £(x1)+£(x™) with momentum
—p, given by

¢~ BEEHEET) = _B(pH)B(z Yo bOGT o) (2.9)

This mapping encodes the physical meaning of the solution (.2) as a scattering of the free
field ¢(o,t) off the Liouville wall [R]. To see this, note first that as a function of ¢, ¢,

eq. (R.2) is

2 2w 27
5 = e [y e [Fagreetat) [Cagrdse ] o)
(em —1)2 Jy 0

Suppose that p > 0. Then at the infinite past and future we have

lim e_bw(g’t) = e_%w(ﬁ)ﬂ;(f)), (2.11)
t——0o0

lim e 259 _ -5+ (2.12)
t——+o0 ’ .

Therefore at both ends t — +oo the Liouville field ¢ is a free field. The Liouville wall
maps the incoming (p > 0) free field ¢(o,t) into the outgoing (p < 0) free field (o, t). The
case p < 0 is obtained by time reversal.

2.2 The reflection coefficient and the Liouville duality

A remarkable fact is that the transformation from the field ¢(o,t) to the field ¢(o,t)
is canonical [PF). This suggests to quantize Liouville theory by quantizing the free field
¢(o,t) and defining a quantum version of eq. (B.10). We will perform the quantization in
the complex Euclidean plane. Let us Wick rotate the time variable into 7 = it, and take

T+io 3 T—i0

z=c¢e ,Z=¢€ as two independent variables.

The fields ¢, ¢ have a mode expansion

P ) oy, 1
d(z) =x—i=logz+ — E —_——, (2.13)

2 V2 on 2"

< P o an 1
o(z) =x—izlogz+ — E —_—, (2.14)

2 \/in;«éo n z"

and the modes satisfy the commutation relations

[x,p] =1 [, ] =[Gy Q] = NOn4m 0 - (2.15)



Normal ordering :: is defined by putting the annihilation operators a.,,~g and p to the right,
and the creation operators o, < and x to the left. With this prescription the short distance
singularity is

H(2)0(w) = : H(=)o(w) : — log(= — ) (2.16)
and similarly for ¢(2). The stress tensor of the quantum theory is
T(2) = —(9¢(2))* + Q*¢(2), (2.17)
with
Q=b+b1 (2.18)
and central charge
c=1+6Q2, (2.19)

and there is a similar anti-holomorphic copy. A chiral vertex operator of the form

. i a_ i2 « _
. er«b(z) - eZozxe—Qa% log ze—%znx} o z"e% 2ns0 w2 " (2.20)

)

has holomorphic conformal dimension
A=a@-a), (2.21)
and carries p momentum
p=—2ixa. (2.22)

For normalizable states with a = % + 1R, the last expression is consistent with the anoma-
lous hermiticity of p,

pt =p +2iQ, (2.23)

which follows from the presence of the background charge.
b
In order to define the quantum version of e‘Tw, let us define the “screening charges”
Ze2ﬂi
S(z) = / dw ) (2.24)
z

27i

S(z) = / dw 202(®) (2.25)

Since the integrand has conformal dimension one, these are conformal primaries with di-
mension zero, as follows from

S zeZi o | e200(w)
TS ~ [ avgs | S| (2.26)
2br (p+2ib) _
(e 1)62b¢(z)7
y—z
1 0S(2)
y—z 0z



The quantum version of e % in (R.10) can now be taken as

Mcﬂ'bQ
(6—4m‘b(a—b) _ 1)

1
(e—dmibar 1)

Vi (2, 2) = e P92 hxe=b0(2) _

S(z)e P92 e~txb0Z)G ) (2.27)

where we have defined o = i2 (see (2:27)). The factors e*" are inserted in order to

eliminate the duplication of the zero modes coming from ¢ and ¢. Their position is dictated
by the preservation of the normal order in the exponentials. In the factor (6_4“17("‘_1’) -1)71,
the shift in « is because we have written it to the left of S(z)e ¢(2),

An important property of the operator Vy, is that, when defined in the Minkowskian

cylinder (t,0), it satisfies the locality condition R3]
[Vy(t,0), Vu(t,o')] =0. (2.28)

The product of screening charges and exponentials in Vy, is
zeQTri
S(z)e () = / dw (w — z)b2 : 2P (W)=b(2) (2.29)
z

50271

bPDG(5) = / 4 (5 — @) ; 200)b33) (2.30)

In the interacting theory, the primary fields can still be labeled by «, with conformal
dimension a(Q —«). This expression is symmetric under & — Q—«. For delta-normalizable
states with @ = @/2 + iP, this corresponds to P — —P. Therefore an operator S which
maps a state with « into one with () — « can be considered as the quantum version of the
mapping between asymptotic free fields provided by the classical solution. We do not need
here the explicit form of the Liouville primaries for arbitrary « (see [R5, R1]). It is enough
for us that their action on the vacuum creates a state |«), such that

Sla) = |Q — a). (2.31)

The ambiguity of the parametrization of the classical solution using ¢ or &, should manifest
itself in the invariance

Vi(z,2) =SV (2, 2)S. (2.32)

The operator S should be a product S = PR, where the operator P acts on the zero modes
to change the eigenvalue of o, and R acts as

Rla) = R(a)|a), (2.33)

where R(«) is the reflection coefficient that we want to compute. Note that from S? = 1 it
follows that

R(Q)R(Q —a) =1. (2.34)



An arbitrary matrix element of Vy(z,2) at z = z = 1 is, taking proper care of the zero
modes,

(|[Vy(1,1)]a) = 6(a/ —a+b/2) + () —a —b/2)Dy(a). (2.35)

Using (2.29)-(R.30), the function Dy(«) is given by
1 1

Dy(ar) = —pemb? (D )’ (@)1 (e) (Tt 1)’ (2.36)
where
I(a) = 7{ duo(w — 1) w2 (2.37)
I(a) = 7{ dw(1 — o) w2 (2.38)
= e [(a), (2.39)

and both integrals are taken counterclockwise in the unit circle. Since the integrand of
I(«) is not analytic at w = 0,1, the contour can be deformed keeping the point w = 1
fixed and without crossing the point w = 0. This leads to

1
I(a) = e“bQ(e_Mib -1) / dw (1 — w)wa_Qbo‘ ,
0

_ it (g dmib _ )F(l — 2ba) (0% + 1)
['(2—2ba+0b%)

(2.40)

where we used the integral representation ([A.3) of the Euler beta function. The final
expression for Dy(«) is

Dy(a) = pb?7%(1 4 b%)y(2ab — b2 — 1)y(1 — 2ab), (2.41)

where y(z) = T'(z)/T'(1 — x). From the invariance (P.32), it follows that equation (R.3H)
should be equal to

(IS7'VL(1,1)S|e) = R Y a +b/2)R(a)d(a’ — o — b/2)
+R Ya —b/2)R(a)Dy(Q — a)d(e/ —a+1b/2). (2.42)

Comparing the coefficients of the delta functions in (R.35) and (R.42) gives two equations
for R(a), but it is easy to see that they are equivalent using (R.34). The resulting equation
for R(«) is

R(a+b/2) = R(a)D; Y(a). (2.43)

This is a difference equation that constraints the form of R(a)) but does not fix it uniquely,
since any solution can be multiplied by an arbitrary periodic function of a with period b/2.

So we find that the classical Liouville scattering problem has no unique quantum
version. A similar ambiguity is encountered in the bootstrap approach to quantum Liouville



theory 7, B§. There, one imposes the symmetry b <+ 1/b. In our case this leads to a
second equation for R(«a),

R(a+b7"/2) = R(a)Dy (o), (2.44)
where
Dy jpa) = ficb >aT2(1+ b 2)y(2ab™" — b2 — 1)y(1 — 2ab™ ). (2.45)

Egs. (R-34), (.43) and (R.44), yield, for irrational b%, a unique reflection coefficient,

1

(Q —20)*7(b(Q — 20))y(b(Q — 2a))] ~,  (2.46)

1/b2

Q—2«
R(a) = = (ucb’T2(6%) 7 [
with fib72I2(b2%) = (ucb®I?(b?)) 7 . This is the same reflection coefficient that follows
from the DOZZ formula [R2, B3], with the identification

e = i, Sin(Th?) . (2.47)

The important lesson that we learn is that in order to fix uniquely the reflection coefficient
of Liouville theory, we must assume that there are two classical scattering problems (related
by b < 1/b), with the same quantum reflection coefficient.

3. FZZ scattering

In this section we will address a similar scattering problem formulated in the cigar back-
ground ([L.1)). The classical equations of the cigar non-linear sigma model were solved in
terms of free fields in [29-B1]. This solution was canonically quantized in the interesting
work [BJ]. We start reviewing some results of these works. As we will see, the equations
obtained from quantizing the cigar are not enough to fix the reflection coefficient. We will
show that assuming that a dual scattering problem of sine-Liouville type has the same
reflection coefficient, fixes it to its known value from other quantization schemes.

3.1 Classical scattering in the cigar

Let us consider the cigar metric ([L.1]) parameterized with Kruskal coordinates

sinh re® sinh re— %
VA VA (38-1)

The parameter A will play a role similar to y. in Liouville theory. In these variables, the
classical action of a string propagating in the cigar background ([.1) is, in the complex

plane,
k Oudu + Oudu
Slu,u] = — [ dzdz | ———| . 3.2
[, @) 47‘(‘/ zz[ A+ un ] (32)
The equations of motion following from this action are the real and imaginary parts of
= aOudu
00u = . 3.3
Y + ut (33)



The exact solution to this equation found in [R9-B1] in terms of two free fields ¢(z, 2) =
¢(2) + ¢(2) and X (z,2) = X(z) + X () reads

u(z, 2) = e GOTBETXEHTE [ 342 A7) | (3.4)
where A(z) and A(z) are solutions to
(0¢(2) +i0X (2))e” vi®®) (3.5)
(08(2) + 10X (2))e vE?. (3.6)

As in Liouville theory, this mapping to free fields is canonical [P9—BJ]. Expanding the
fields ¢, ¢ in modes as

o(z) = % - z% log z + oscilators (3.7)
() = % - z% log Z + oscilators (3.8)

we see that 9A(z),0A(Z) have monodromies

¥
3

<

5

DA™ 2) = 0A(2)e” VF (3.9)
_ 3 _ 27
BA(™Z) = DA(R)e VE . (3.10)
Requiring these monodromies to be preserved by A(z), A(Z), fixes them uniquely as
1 Ze27'ri _l(b(w)
A(z) = o / dw (0¢(w) + 10X (w))e VE , (3.11)
Vh(em VE —1) 7
i 1 e (53 5% () e~ 2@
A(z) = o / dw (0¢(w) + 10X (w))e VE , (3.12)
Vh(em VB —1) 7%

where both integrals are taken counter-clockwise.

Writing expression (B.4) in Minkowskian cylinder coordinates, we get the same type
behavior as in the Liouville case. Assuming p; < 0 and the boundary conditions r(o,t —
+00) — 00, the solution behaves, in the far past and future, as

r+i6 N -
lim uw= lim e — eVEr#EHIETHXE)HXET) (3.13)
t——00 t——0c0 2/

er+i9

Iim v = lim

T2 (@@ )+ ) HiX (@) +iX (7)) gty T
_ NG
Jin N Ae vk A(z)A(z™).  (3.14)

We see thus that the incoming and outgoing fields are free fields. The cigar scatters the
incoming free field ¢(o,t) + iX (0, t) into an outgoing field which has opposite momentum
—p1 > 0. The case with p; < 0 is obtained by time reversal.



3.2 The reflection coeflicient

The work [BJ] quantized the field u in the Minkowskian cylinder. We will recast here those
results in the Euclidean complex plane.! The quantum free fields have mode expansions

d(z) = x1 — 2— log z + — Z —n , (3.15)
n#o n z
6(2) = x — it Ing +— Z - z_n’ (3.16)

and

X(z) = x9 — z— logz 4+ — Z Z—n, (3.17)
Co) — g P2 a? 1

n#0

The zero modes of the X (z) and X (z) are independent since X is a compact coordinate,
with radius 2. The modes satisfy commutation relations similar to (.15). The field X is
compact with radius vk, therefore the spectrum of py, po is

_m—i—nk 7_m—n/<:
P2 7@ P2 7@ .

Normal ordering :: is defined as we did in the Liouville case, and the short distance singu-
larities are as in (P.16). The stress tensor of the quantum theory is

T(2) = —(96(2))" = bd*¢(2) — (0X(2))*, (3.20)

(3.19)

with

b=

, 3.21
— (3.21)

and there is a similar anti-holomorphic copy. The central charge is ¢ = 2 + ch A chiral
vertex operator : e29¢(2) : has holomorphic conformal dimension

i +1)
A== 3.22
I (3.22)
and carries p; momentum p; = —2¢bj, For normalizable states with j = —5 —|— iR, the last
expression is consistent with the anomalous hermiticity of pq,
p| = p1 — 2ib, (3.23)

!The main difference between the two cases lies in the normal ordering of the zero modes and in the
fact that the momentum operator in the complex plane is not Hermitian in the presence of a background
charge (see eq. () below). For details on the differences between the quantization in the cylinder and
the complex plane see [B]].



which follows from the presence of the background charge.
In order to build the quantum counterpart of the classical field u(z, z) of (B.4), let us define

f(z) = P +inX(e) (3.24)

1
OA(2) = —=(0¢(2) + 10X (z))e 20() 3.25
(2) \/E( ¢(2) (2)) (3.25)
and similarly f(z) and OA(Z), with n = ﬁ =4/ k—f The change in the exponents of ¢, ¢
from the classical case is in order for OA, OA to be primaries of conformal dimension one.
The monodromy-preserving solutions for A and A are now

AG) = Tt Ty Q) (3.26)
A() = —=QE) (3.27)
where
Q) = / " o (9(w) 19X (1))e~ 2 (3.28)
Q) = / " 0 (33() 1 DX ())e~2P®) (3.29)

Notice the shift on p; in (B.26) when it appears multiplying from the left. The fields Q(z)
and Q(Z) are primary fields of dimension zero, as in (.24).

We can now define the quantum version of u(z, ) in (B.4) as
u(z,z) = f(2)e ™1£(2) — AA(2)f(2)e™ 1 f(2)A (%),

A e 2wt (i) e~
~h2ismEnRG ) SR RETEIRE)

6727rib2 j

2i sin(27b3j)

= f(2)e ™1f(z) (3.30)
We have defined the operator j as p; = —2ibj, and we have added the factor e®™*! in order
to compensate for the doubling of x; in the mode expansion (B.19)-(B-16) of ¢ and ¢. The
position of e is chosen so that we get the monodromy

u(zeQM,Ee_zm) = u(z,é)e%(m_fm (3.31)

as in the classical solution.
It was shown in [BJ] that the operator u in the Minkowskian cylinder satisfies a locality

condition similar to (R.2§),
[u(t, o), ut,o)] = 0. (3.32)

To compute the reflection coefficient, note that the mapping 7 — —j—1 leaves the conformal
dimension (B.29) invariant and for normalizable states with j = —% + ¢P it amounts to
inverting the sign of the momentum P. As in the case of Liouville theory, we introduce an
operator S that maps the state with momentum j to the state with momentum —j — 1

S|j,m’n> = | _] - 1aman>? (333)

,10,



and leaves u invariant,
S7lu(z,2)S = u(z, z). (3.34)
The operator S can be decomposed into
S=PR, (3.35)

where P acts only on the j momentum of a state and changes its value to —j — 1, and R
acts as

R|jaman> = R(jaman)|jaman> ; (336)

with R(j,m,n) being the reflection coefficient we wish to compute. Note that from S? = 1
it follows that

R(j,m,n)R(—j —1,m,n) =1. (3.37)

For the matrix elements of the operator u(z, z) at z = z = 1, we get, taking proper account

of the zero modes in (B.30),

1 1
(jl,m/,n/|U(1,1)|j,m,n> = 5n’,n6m’,m+1 |:6<Jl_]_§> +5<Jl_]+§>D(J,m,n):| ) (338)
where

2(1,2 2
D) = G = m -+ k) = g(m = k) T I

(3.39)

The computation is a generalization of the one that led to the Liouville result (R.41), and
the details can be found in [BJ]. From eq. (B.34), it follows that the matrix element (B.39)
should be equal to

1 1
<j/7m/7n/’571u(17 1)5‘]7m7n> = 5n/,n m/ m+l |:5<jl_]+§>R1 <j+§7m+17n> R(j7m7n)

1 1
+6<j,_]_§>R_1 <]+§am+1an>R(jaman)

D(—j—l,m,n)]. (3.40)

Comparing (B-3§) and (B.4() leads to two functional equations for R(j,m,n), but us-
ing (B.37) it is easy to see that they are equivalent. The resulting equation is

1
R(j — g m + 1,n> = R(j,m,n)D71(j,m,n). (3.41)

This equation is not enough to fix R(j,m,n), since any solution can be multiplied by a

1

5, and/or a periodic function of m with period 1.

periodic function of j, with period

— 11 —



3.3 The sine-Liouville dual

In light of the FZZ duality, it is natural to expect that the reflection coefficient R(j, m,n)
will get fixed through a second set of equations, associated to a scattering problem of
sine-Liouville type. On the other hand, we do not expect that such a scattering problem
corresponds to solving the equations of motion of the classical sine-Liouville Lagrangian.
The reason is that the sine-Liouville interaction carries one unit of winding, and the reflec-
tion coefficient, which is equal to the two-point function, conserves the winding number [[I]].

To arrive to the form of the sine-Liouville scattering that we need, note that we expect
the FZZ duality to be related to a b < b~! transformation. Even though, unlike Liouville,
the theory is not self-dual, the exact solution of the closely related Hz3 WZW model shows
that the two functional equations that determine the three-point functions are related by
a b < b~! transformation [B4]. Applying this transformation to f(z) in (B:24), we get

g(z) = eB () +HigX(2) (3.42)

In order to invert the sign of the p; momentum carried by g via scattering, it follows
from ([.9) that we need two sine-Liouville interactions. This in turn allows to conserve the
winding number by adjoining two sine-Liouville interactions with opposite winding. We
propose that the FZZ dual of u(z, z) is the field

v(z,2) = g(z)e”¥1g(2) (3.43)
: B(-)g(:)e g (:)B(z 1
( 4mij _ )(627ri(j—r+k’) — 1) (Z)g z)e g(Z Z) (647rij _ 1)(627Ti(j—f‘—k") _ 1) ’
where r = i 0, T = \prg and
2627\'1' 27"i
B(z) = /dw1 e VEX (w)—g ¢(w1)/dw e “/EX(M)_%(#(W), (3.44)

and similarly for B(2). The main evidence for our proposal is that this expression yields the
correct reflection coefficient and a special structure constant which we discuss in the next
section. Much as in the Liouville or the cigar cases, the classical form of v(z, Z) maps an
incoming free field into an outgoing free field when expressed in Minkowskian coordinates
in the cylinder.

The product of B(z) and g(z) is given by

/dwl/dw2 o b Bwn)~ Ep(wa)+6(2) VEX (w1)—iVEX (w2) +i X (2)
x (wy — 2)¥ (wy — wg) " (3.45)

and similarly for g(z)B(z). The spectrum of r, T is (see (B.19))

k
r:mzn : (3.46)

— nk
F:m2n . (3.47)

- 12 —



We can now consider a generic matrix element of v(1,1), which gives
/

/
o (1,0, ) = s [3(5=0 5 ) + B3 (7545 )| 349

where

AK(j,r)K(j,7)

E(j,m,n) = (€2riC—K) _ 1)(eAmid — 1)(e2mili—1) — 1)(e2miG——k) _ 1) (3.49)
Here K (j,7) = e_”k/K(j,r)‘r:F and
K(j,r) = j{j{dwldwg(wl - 1)’“/ (wy — wg)_kﬂwﬁrw%*r (3.50)

= fdwlwfjk/(wl — ¥ j{dyyjr(l —y) F

1 s 1 ’ 1 .
= (@) )@ 1) [ -1 [y (1)
0 0

T'(2j — kK 4+ )I(K +1)T(j —r + DI (—K)
T'(2j +2) T(Gj—r—k+1)

eiwk’(eQWi(Qj—k’) . 1)(627ri(j—r) . 1)

where in the first two lines the integrals are taken counterclockwise in the unit circle, and
in the second line we changed variables to (y = wy/wy,w1). The contour deformations in
going from the second to the third line are the same as in the previous cases. The final
expression for F(j,m,n) is

A , , L(j—r+1) T(—j+7+k)
— (2§ — K + 1)y(=2j — 1
sin2(7rl<:’)7( J + (=2 )F(j—r—k’+1) L(=j+T)

E(j,m,n) = . (3.51)

As before, to obtain the sought-for equations for R(j,m,n) we impose the condition
(' V(1 D)l m,n) = (5 m!n'|ST (1, 1)S]j,m, n) (3.52)
and this yields two equations for R(j,m,n), which are equivalent after using (B.37). The
resulting equation is
/

k
R(] - Eam+ k/’n) = R(j’m,n)E_l(j’m’n) . (353)

This equation, along with (B.37) and (B.41), has as a solution
01 D(=2 =D T(1 = 6*(2j+1)) T(j+1 — 5(m+nk)) T(j+1 + 5(m—nk))

[(2j+1) T(1+b%(2j+1)) D(—j — L(m+nk)) T(—j+ 3(m—nk))
(3.54)

R(j,m,n) =v

where v = —A2(82)/k2 = (Ar2/k2 sin?(7k’))"". This result coincides with the reflection
coefficient for the cigar obtained with other methods (see e.g. [[[d]).
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3.4 Relation with parafermionic symmetry

The two-dimensional black hole has two holomorphic and two anti-holomorphic parafer-
mionic conserved currents, which come from the affine symmetries of the SL(2, R) WZW
model. In terms of the fields ¢, X, the currents are

WF = (iVKOX FVk — 200)eT Vi X . (3.55)

In the work [, following [P7, HJ, the reflection coefficient R(j,m,n) was obtained us-
ing properties of degenerate operators of the parafermionic symmetry. Remarkable, the
method of [I] to determine the reflection coefficient, leads to the same two difference
equations (B.41]) and (B-53).

In this section we would like to point out some connections between the approach
in [[2] and the methods used in this paper.

Firstly, note that the screening charges Q(z) and B(z) which appear in u and v are

built from primary operators of dimension one, which, as shown in [L9], commute with the
parafermionic generators.

The primary fields of the parafermionic symmetry can be written as Vj . z. The method
of [[J] exploits the fact that the operators V; 11 and V%/ Y are degenerate operators of
the parafermionic algebra.?

One can check from the free field representation of the SL(2, R)/ U(1) primaries given
in [[J], that the free field representations of these two degenerate fields coincide with the
first terms in u(z, z) and v(z, z), namely their asymptotic value in the far past. The free
field representation of the primaries is valid when the interaction in the SL(2, R)/U(1)
Lagrangian is turned off. This suggests the identifications

: (3.56)

Viia
27272
Vi w o s (3.57)
2

i
9

in the fully interacting theory. To prove these identities, note that in the OPE of these two
degenerate fields with a generic primary of SL(2, R)/ U(1), we have has the fusion rules [Bj

+ —
V%?%?%‘G’T’F ~ Cj7r7f [Vj"l_%vr"'%vf"'%] + Cj,T’,f |:V7_%77’+%7F+%:| ? (3.58)
and
y e ~+ ! ! ! ~-_ — ! ! !
V%’%’%’ Virr ~ Cjyr {Vj-l—%,r-l—%f—i—%} + G [Vj—%,r—i-%,ﬂ-%}
~ X
+C%, [v_%_j_lﬁ%ﬂ%]. (3.59)
The fields can be normalized so that C’;Lr ;= C’;rr - = 1. The first remarkable connection
between the approach of this paper and that of [[[J], are the identities
CJTT,F = D(J’ m, TL) ’ (360)
Cji,r,f’ = E(j7 m, n) ) (361)

2The conventions in [@] differ from those of this paper by the replacements j,m,m — —j,r, 7.
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which will help us to establish (B.56)(B.57).

Consider the field V1 1 1 first. Taking the (j',m/, n/| - |0) matrix element of both sides
of eq. (B.5Y) evaluated at ‘2/1 1 1(1)V;,7(0), we get on the r.h.s, using (B.60), precisely
eq. (B:3§). Therefore, the g2é121é2ric matrix elements of u and Vi

11 coincide, and this
27272

establishes their identity as operators.
For the field Vk/ w1, we should notice that the first and last term in the r.h.s of (B.59)

1y 9 g
should be treated as the incoming and reflected wave function of the same field, since they

are related by j — —j — 1. We can define

Vieht o pott Vi w o FROGHR2ma KoV vy (362)
where we have identified
1y
R +K/2,m+K n)= CJXM, (3.63)
and we should identify the state |j + %/,m + k',n) with the action of V+k/ Ly On

the vacuum |0). Note that this is consistent with eqs. (B-33)—(B-37). Now eq. @ can be

rewritten as

! k"/jrf ~ [‘7

k . K k- K
T Ittty

Vk/

2
Taking the (j’,m’,n’| - |0) matrix element on both sides of this equation, and using (B.49)
and (), it follows that the generic matrix elements of v and Vs  » coincide, and this

proves the identity (B.57).

}+C’

j_,rf {V’j—? T+ k2’ T+ k! } : (364)

27272

In order to fully establish the validity of the field v as the dual to u, it must be shown
that in the Minkowskian cylinder a locality property for v similar to (2.2§) and (B.39) holds,
as well as locality between v and u. But this follows from eqs. (B.56) and (B.57), and the
fact that the locality properties are valid for the Vl,;,; and V%/, KoK operators in the Hj &

WZW model, and survive in the parafermionic theory obtained as the coset Hs /U(1).
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A. Useful formulae

I'(2)I(1—z) = sinz;x) (A1)
) = s (A.2)

1 (6%
/Odw w1 —w) 7t = % (A.3)
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